Abstract. The following interesting quantity was introduced by K. Cieliebak and K. Mohnke for a Lagrangian submanifold L of a symplectic manifold: the minimal positive symplectic area of a disc with boundary on L. They also showed that this quantity is bounded from above by π/n for a Lagrangian torus inside the 2n-dimensional unit disc equipped with the standard symplectic form. A Lagrangian torus for which this upper bound is attained is called extremal. We show that all extremal Lagrangian tori inside the four-dimensional unit disc are contained in the boundary ∂D 4 = S 3 . It also follows that all such tori are Hamiltonian isotopic to the product torus S
Introduction and results
In the following we will consider the standard even dimensional symplectic vector space (C n , ω 0 := dx 1 ∧ dy 1 + . . . + dx n ∧ dy n ), as well as the projective space (CP n , ω FS,r ) endowed with the Fubini-Study symplectic two-form. We here normalise ω FS,r so that a line ℓ ⊂ CP n has symplectic area equal to ℓ ω FS,r = πr 2 . We also write ω FS := ω FS,1/ √ π . See Section 2 for more details.
Neck-stretching techniques were successfully used in [6] by K. Cieliebak and K. Mohnke in order to prove the Audin conjecture, first formulated in [1] by M. Audin: Every Lagrangian torus in C n or CP n bounds a disc of positive symplectic area and Maslov index equal to two. The same techniques were also used to deduce properties concerning the following quantity for a Lagrangian submanifold, which was introduced in the same article. (We here restrict our attention to Lagrangian tori.) Given a Lagrangian torus L ⊂ (X, ω) inside an arbitrary symplectic manifold, we define This quantity can then be used in order to define a capacity for the symplectic manifold (X, ω) as follows: We refer to [6] for the properties satisfied by this capacity. In view of this it is natural to consider:
is called extremal.
The above capacity has been computed only for a limited number of symplectic manifolds, notably: Theorem 1.1 (Theorem 1.1 and Corollary 1.3 in [6] ). We have c Lag (B 2n , ω 0 ) = π/n, (1) c Lag (CP n , ω FS,r ) = r 2 π/(n + 1), (2) and in particular c Lag (D 2n , ω 0 ) = π/n.
A straight-forward calculation shows that the n-dimensional Clifford torus
contained inside the boundary of the 2n-dimensional unit disc is extremal.
In the case when n = 1, the Clifford torus is clearly the only extremal Lagrangian torus. Furthermore, a monotone Lagrangian torus L ⊂ (CP n , ω FS ) is extremal, as follows by elementary topological considerations together with the fact that there exists a representative of π 2 (CP 2 , L) having Maslov index two and positive symplectic area by [6, [23] , [19] , [18] , [12] , [4] , and [8] .) In [6] the author learned about the following two conjectures, the first one originally due to L. Lazzarini: After a consideration of the possible Lagrangian tori inside the threedimensional unit sphere using classical techniques, we also obtain the following classification result. The proof of our main result Theorem 1.2 consists of analysing the pseudoholomorphic curves produced in Cieliebak-Mohnke's proof of Theorem 1.1 from [6] . Their proof is based upon a pseudoholomorphic curve technique called the "splitting construction" or "stretching the neck", which first appeared in the setting of symplectic field theory in the work [11] by Y. Eliashberg, A. Givental, and H. Hofer. Pseudoholomorphic curves were introduced by M. Gromov [13] . We will restrict our attention to real fourdimensional symplectic manifolds. In this setting pseudoholomorphic curves behave particularly well, since one can apply techniques such as positivity of intersection due to D. McDuff [15] , and automatic transversality which in the present setting is due to C. Wendl [24] . These four-dimensional techniques are crucial to our proof, and it is not clear to the author if the argument can be modified to work in arbitrary dimensions.
The so-called splitting construction involves studying the limit of pseudoholomorphic curves under a sequence J τ , τ ≥ 0, of tame almost complex structures on (X, ω) which stretches the neck around a hypersurface Y ⊂ (X, ω) of contact type. Loosely speaking, such a sequence introduces a neck of the form [−(τ + ǫ), τ + ǫ] × Y ֒→ X in a neighbourhood of Y , where the almost complex structure is cylindrical. In our case, the hypersurface Y ⊂ X = CP n of contact type will be taken to be the unit cotangent bundle of the Lagrangian torus. The compactness results for sequences of J τ -holomorphic curves as τ → +∞ were obtained in [3] by F. Bourgeois, Y. Eliashberg, C. Wysocki, and E. Zehnder, and independently in [7] by K. Cieliebak and K. Mohnke. Due to the fact that tori admit flat metrics which, moreover, induce foliations by families of closed geodesics, the limit of pseudoholomorphic curves under a stretching of the neck behave particularly well in this case. In addition to [6] , Lagrangian tori have previously been studied using the splitting construction in a series of work; among others, see [10] by the author together with J. D. Evans, [14] by R. Hind and S. Lisi, and [9] by the author together with E. Goodman and A. Ivrii.
Preliminaries
This paper concerns Lagrangian tori inside the open unit ball and closed unit disc
endowed with the standard symplectic two-form ω 0 , as well as the projective space (CP n , ω FS ) endowed with the Fubini-Study symplectic two-form.
Recall that a half-dimensional submanifold of a symplectic manifold is said to be Lagrangian, if the symplectic form vanishes on its tangent space. It will be useful to compactify the open ball B 2n r ⊂ (C n , ω 0 ) of radius r > 0 to the projective plane
r , ω 0 ) endowed with the Fubini-Study symplectic form, where D ∞ denotes the divisor at infinity. The Fubini-Study form ω FS,r is here normalised so that a surface ℓ ⊂ CP n of degree one, i.e. [ℓ] ∈ H 2 (CP n ) is the generator of positive symplectic area, satisfies ℓ ω FS,r = πr 2 . We also write ω FS := ω FS,1/ √ π . The above symplectic manifolds (X, ω) are monotone: the first Chern class satisfies c 1 (X, ω) = κ[ω] ∈ H 2 (X; R) for some κ > 0. More precisely, κ > 0 can be chosen arbitrarily for (C n , ω 0 ), while κ = (n + 1)/(πr 2 ) for (X, ω) = (CP n , ω FS,r ). Recall that a Lagrangian torus inside (X, ω) is said to be monotone provided that its Maslov class satisfies µ L = 2κ[ω] ∈ H 2 (X, L; R) for a number κ > 0 as above. Pseudoholomorphic curve techniques work particularly well for monotone Lagrangian tori, and they are known to satisfy many rigidity properties.
Recall that a tame almost complex structure J on a symplectic manifold (X, ω) is an endomorphism J ∈ End(T X) satisfying J 2 = − Id T X together with the property that ω(v, Jv) > 0 whenever v = 0. The space of tame almost complex structures is contractible by [13] . In the latter article Gromov also established his celebrated compactness theorem for pseudoholomorphic curves for a tame almost complex structure. Recall that, given a choice of almost complex structure J and a Riemann surface (Σ, i), a map
is pseudoholomorphic given that the fully non-linear Cauchy-Riemann type equation
The present article will mainly consider punctured pseudoholomorphic spheres in non-compact symplectic manifolds. More precisely, outside of an open pre-compact sub-domain with smooth boundary, the symplectic manifold will consist of convex and concave cylindrical ends symplectomorphic to half symplectisations
respectively, where t is a coordinate on the R-factor, and α ± are contact one-forms on the closed manifolds Y ± . Recall the definition of the Reeb vector field R ∈ Γ(T Y ) on a contact manifold (Y, α) with contact form α, which is determined by the equations
Following [3] , a tame almost complex structure J on (R × Y, d(e t α)) is said to be cylindrical given that:
• J is invariant under translations of the t coordinate;
• J∂ t = R; and
• Jξ = ξ, where ξ := ker α ⊂ T Y . The aforementioned article extends Gromov's compactness theorem to the space of pseudoholomorphic curves for tame almost complex structures that are cylindrical outside of a compact subset, given that these curves have a uniform bound on their Hofer energy (see [3] for the definition).
By a finite energy curve we will mean a pseudoholomorphic curve of finite (Hofer) energy. We will not give the formal definition, but we point out that a proper punctured pseudoholomorphic curve
where (Σ, i) is a closed Riemann surface and (X, ω) has non-compact cylindrical ends, is a finite energy curve if and only if u is asymptotic to cylinders R × γ i ⊂ R × Y ± contained in the cylindrical ends of X at each of its punctures p i , i = 1, . . . , m. Here γ i ⊂ Y ± are periodic integral curves of the Reeb vector field R ± -usually called periodic Reeb orbits.
The proof of Corollary 1.3
Since the torus L ⊂ S 3 ⊂ B 4 is Lagrangian, it is foliated by integral curves of the characteristic foliation
These integral curves are the periodic Reeb orbits
of the standard contact form
The foliation of the sphere by these Reeb orbits induces the Hopf fibration
with the above periodic Reeb orbits as S 1 -fibres, while the base is given by the orbit space diffeomorphic to CP 1 . Recall that the latter space is endowed with the canonical symplectic form ω FS,1 obtained from the corresponding symplectic reduction (
). Since L is foliated by periodic Reeb orbits of the same period, the Reeb flow on S 3 (i.e. multiplication by e i2t ) induces a smooth and free S 1 -action on L. In other words, we may consider L as an
with base given as the quotient of L by this action. By topological reasons this must be a trivial S 1 -bundle over S 1 .
In particular, for any choice of section σ : L/S 1 → L of q, the projection p • σ is an embedded closed curve γ := p • σ : S 1 ֒→ (CP 1 , ω FS,1 ). Using the assumption that L is extremal, we conclude that the two smooth discs CP 1 \ γ(S 1 ) each must be of symplectic area equal to π/2. Otherwise, one could readily lift the disc of smaller area to a disc inside S 3 → CP 1 having boundary on L and being of the same area, thus contradicting the assumption that L is extremal.
Using elementary methods one can construct a Hamiltonian isotopy
induced by the time-dependent Hamiltonian H s : CP 1 → R, taking the curve γ to the equator
⊂ S 3 is the sought Clifford torus. The Hamiltonian isotopy φ s Hs lifts to a contact-form preserving isotopy
Hs . Since the contactomorphisms φ s preserve the contact form α std it follows that
defines a one-parameter family of symplectomorphisms which, moreover, is generated by the time-dependent Hamiltonian of the form e t H s •p :
Utilising the symplectic identification
we obtain a time-dependent Hamiltonian
whose induced flow on C 2 \ {0} preserves each concentric sphere S 3 r , r > 0, while it satisfies the property that p • φ s Hs = φ s Hs . After a smoothing of H s in a small neighbourhood of the origin 0 ∈ C 2 , we have finally produced our sought Hamiltonian isotopy of (D 4 , ω 0 ).
The proof of Theorem 1.2
Our proof follows from the techniques in [6] that are used to prove part (1) of Theorem 1.1, combined with the automatic transversality result from [24] . Observe that the latter theory only is applicable to four-dimensional symplectic manifolds.
By contradiction we assume that ϕ : T 2 ֒→ (D 4 , ω 0 ) is a fixed Lagrangian torus L which is extremal, but not contained entirely in the boundary S 3 = ∂D 4 . Here we make the identification T 2 = S 1 × S 1 = R/2πZ × R/2πZ, with the induced circle-valued coordinates θ 1 , θ 2 .
We start by fixing a so-called Weinstein neighbourhood of L (see e.g. [16] ), which is an extension of ϕ to a symplectomorphism
is the co-disc bundle of radius s > 0 for the flat torus, and where the Liouville one-form is given by λ T 2 = p 1 dθ 1 + p 2 dθ 2 for the standard coordinates (p 1 , p 2 ) on the R 2 -factor. Writing S * s T 2 := T 2 × S 1 s ⊂ T 2 × R 2 for the corresponding cosphere bundle, we will once and for all fix a single fibre F p of S * 2ǫ 0 T 2 above a point p ∈ T 2 ⊂ Φ −1 (B 4 ). After making an appropriate choice of p ∈ T 2 , and possibly after replacing ǫ 0 > 0 with a sufficiently small number, we may assume that
Here we have obviously used the assumption that L is not contained entirely inside ∂D 4 . See Figure 1 for a schematic picture.
Figure 1. The embedded circle S 0 ⊂ B 4 being the image of a fibre F p ⊂ S * 2ǫ 0 L over p ∈ L and which non-trivially links the Lagrangian torus L. The co-disc bundle T * ǫ L is disjoint from the neighbourhood U 0 of this fibre, and is contained inside B 4 1+δ , given that 0 < ǫ < ǫ 0 is sufficiently small.
The following property will be crucial to us. We fix an open neighbourhood U 0 of S 0 whose closure satisfies
We also fix a compatible almost complex structure J U 0 on (U 0 , ω 0 ) which can be extended to a compatible almost complex structure on (C 2 , ω 0 ). The monotonicity property for pseudoholomorphic curves [22, Proposition 4.3.1(ii)] implies that (M) There exists a constant > 0 for which the following holds: Any proper J U 0 -holomorphic curve C ⊂ U 0 satisfying C ∩ S 0 = ∅ has symplectic area bounded from below by C ω 0 ≥ .
4.1.
The proof of part (1) of Theorem 1.1 in dimension four. We here reprove (1) in the four-dimensional case, which originally was established in [6] by Cieliebak-Mohnke in arbitrary dimensions. We follow exactly the same ideas, with the only difference that, instead of applying [6, Corollary 3.3] which holds in the nondegenerate setting, we adapt this argument to a setting which is degenerate in the Morse-Bott sense. Theorem 1.2 will then be seen to follow after a more careful investigation of the involved pseudoholomorphic curves; this is done in Section 4.2 below. For each δ > 0, we consider the symplectic embeddings
together with a number 0 < ǫ < ǫ 0 depending on δ > 0 for which
1+δ/2 . 4.1.1. The Morse-Bott contact form on S * 1 L. First we define the tame almost complex structure J 0 on T * T 2 determined by
where ρ : R ≥0 → R ≥0 satisfies ρ ′ (t) ≥ 0, ρ(t) ≡ ǫ/4 for t ≤ ǫ/4, and ρ(t) = t for t ≥ ǫ/3. We also define the tame almost complex structure J cyl on T * T 2 \ 0 T 2 determined by
which hence coincides with J 0 in the subset { p ≥ ǫ/3}. Note that the latter almost complex structure is cylindrical in the sense of [3] , given that we use the exact symplectic identification of (T * T 2 \ 0 T 2 , dλ T 2 ) with the symplectisation
, which sends the level set { p = c} to the level set {t = log c}.
We observe that the Reeb flow on (S * 1 L, α 0 ) coincides with the so-called cogeodesic flow for the canonical flat metric on L ∼ = T 2 = (R/2πZ) 2 . In particular, it follows that the periodic Reeb orbits come in manifolds diffeomorphic to S 1 : there is one such family Γ η ≃ S 1 of periodic Reeb orbits for each non-zero homology class η ∈ H 1 (L) \ {0}. These manifolds of orbits are moreover non-degenerate in the Morse-Bott sense; see [2] for more details.
4.1.2.
A sequence of almost complex structures stretching the neck. Consider a sequence of almost complex structures J τ , τ ≥ 0, which satisfy the following properties:
• Inside CP 2 \ Φ(T * ǫ/2 T 2 ), the family J τ is independent of τ . Furthermore, we require that:
1+δ/2 we have J τ = i, where the i denotes the standard integrable complex structure on (CP 2 , ω FS,1+δ ). (In particular, the line D ∞ at infinity is J τ -holomorphic for each τ ≥ 0.) • In the subset Φ(T * ǫ/3 T 2 ), each J τ is the push-forward of J 0 under the map Φ.
the almost complex structure J τ , τ ≥ 0, is the push-forward of J cyl under the (non-symplectic!) identification
induced by a diffeomorphism [log ǫ/3, log ǫ/2) ∼ = [log ǫ/3, log ǫ/2 + τ ). The above sequence J τ , τ ≥ 0, of tame almost complex structures is said to "stretch the neck" around the hypersurface
of contact type as τ → +∞, where this hypersurface has been endowed with the contact form α 0 described above. We also need to specify the tame almost complex structure J ∞ on the symplectic manifold CP 2 \ L with a concave cylindrical end, which is determined by
Again, observe that the line at infinity D ∞ ⊂ CP 2 is J ∞ -holomorphic by construction.
4.1.3.
The existence of pseudoholomorphic buildings of degree one. The following existence result for pseudo-holomorphic curves in (CP 2 , ω FS,r ) due to Gromov is crucial.
Theorem 4.1 ([13]
). Let J be an arbitrary tame almost complex structure on (CP 2 , ω FS,r ). There exists a unique J-holomorphic sphere of degree one which satisfies either of the following:
• A point constraint at two different points p, q ∈ CP 2 ; or • A tangency condition to Cv ⊂ T p CP 2 at a given point p ∈ CP 2 , where v = 0. Furthermore, this sphere is embedded, has Fredholm index 4, and is transversely cut out.
Consider a sequence of J τ i -holomorphic spheres ℓ τ i ⊂ CP 2 of degree one, for which lim i→∞ τ i = ∞, and where we have used a neck-stretching sequence of tame almost complex structures as described in Section 4.1.2.
Gromov's compactness theorem extended to the SFT setting, more precisely [3, Theorem 10.3], or alternatively [7, Theorem 1.2], now gives the following. After passing to a subsequence, this sequence of parametrised spheres converges to a "pseudoholomorphic building", where we refer to the latter papers for a description of the relevant topology. By a pseudoholomorphic building, we mean a collection of parametrised punctured spheres of the following form:
• A top level consisting of a finite number of punctured J ∞ -holomorphic spheres A 1 , . . . , A k ⊂ CP 2 \ L; • A (possibly zero) number of middle levels consisting of a finite number of punctured J cyl -holomorphic spheres B 1 , . . . , B l ⊂ R×S * 1 L; and • A (possibly empty) bottom level consisting of a finite number of punctured J 0 -holomorphic spheres
All of the above punctured spheres are of finite energy, and the asymptotic orbits match in order for the different levels to topologically glue to form a cycle in CP 2 which is a sphere of degree one. Again, we refer to the papers above for more details. Note that we often abuse notation and suppress the parametrisation from the notation of a pseudoholomorphic curve, as well as from the notation of a component involved in a pseudoholomorphic building.
A one-punctured pseudoholomorphic sphere will be referred to as a pseudoholomorphic plane, while a two-punctured pseudoholomorphic sphere will be referred to as a pseudoholomorphic cylinder. Observe that the middle levels contain pseudoholomorphic cylinders of the form R × γ ⊂ R × S * 1 L, where γ ⊂ (S * 1 L, α 0 ) is a periodic Reeb orbit. The latter cylinders will be called trivial cylinders. By the SFT compactness theorem, every non-empty middle level must contain at least one punctured sphere which is not a trivial cylinder.
We also state the following simple, but useful, lemma.
Lemma 4.2. For the almost complex structures J 0 and J cyl on T * L and R × S * 1 L, respectively, there are no non-constant pseudoholomorphic planes of finite energy.
Proof. There are no contractible geodesics on L for the flat metric, and an appropriate compactification of such a plane would produce a null-homology of the geodesic to which it is asymptotic. 4.1.4. The heart of the proof: producing a pseudoholomorphic building containing three planes. We are now ready to state the main result in this subsection, from which part (1) of Theorem 1.1 can be seen to follow. We follow the method of [6, Section 4] , but applied in the current Morse-Bott setting. Pick a generic tangency condition Cv ⊂ T p CP 2 for p ∈ L, and consider the sequence of J τ -holomorphic spheres of degree one satisfying this condition with τ → +∞ (they exist by Gromov's Theorem 4.1). After passing to a subsequence, the SFT compactness result produces a limit pseudoholomorphic building containing one component C 0 ⊂ T * L passing through the point p ∈ L and satisfying the same tangency, when considered as a parametrised curve. We observe that, by definition, any given tangency condition is satisfied at a singular point of a parametrised pseudoholomorphic curve (e.g. the image of a branched point).
Proposition 4.3. After a perturbation of J 0 inside an arbitrarily small neighbourhood of p ∈ T * L, the limit pseudoholomorphic building produced above consists of at least two J ∞ -holomorphic planes A 1 , A 2 ⊂ CP 2 \ L that are disjoint from the line at infinity D ∞ . Moreover, the planes A 1 and A 2 are connected to the unique component Figure 2 for a schematic picture. as follows from [6, Formula (3) ]. Here Γ 1 and Γ 2 are the families of periodic Reeb orbits containing the asymptotic orbits of C, and RS(Γ i ) denotes the Robbin-Salamon index defined in [20, Remark 5.4] . Here the latter index has been computed using the canonical trivialisation of the complex determinant bundle of T (T * L). In this setting, the Robbin-Salamon index can be related to the Morse index ι µ and nullity ι ν of the corresponding geodesics on L by the formula RS(Γ i ) = ι µ + (1/2)ι ν = 1/2 in [5, Equation 60 ]. Here we have used the fact that ı µ = 0 and i ν = 0 for all closed geodesics on the flat T 2 ; they are all of minimal length in their homology class, and come in one-dimensional families. In conclusion, we have shown that index(C) = 2. After a perturbation of J 0 supported in an arbitrarily small neighbourhood of p ∈ L, we may assume that every simply covered pseudoholomorphic cylinder in T * L is transversely cut out by a standard transversality argument; see [17, Section 3.4] . It thus follows that the moduli space of unparametrised J 0 -holomorphic cylinders is a two-dimensional manifold.
In particular, it follows that no simply covered cylinder satisfies the tangency condition Cv ⊂ T p L after a generic perturbation of J 0 , given that the point p ∈ L and the tangency condition both were chosen generically.
There are now two possibilities for the limit pseudoholomorphic building produced above:
• The component C 0 of the limit building is a multiple cover of a J 0 -holomorphic cylinder in T * L branched at p; or • The component C 0 of the limit building has a non-zero tangency to
Cv. In either of the two cases, the component C 0 can be seen to have at least three punctures.
Remark 4.1. There are two alternative approaches to proving Proposition 4.3 which do not require a perturbation of the almost complex structure J 0 on T * L:
(1) The space of simple J 0 -holomorphic cylinders can be described explicitly and moreover seen to come in a two-dimensional family (as expected); see [9] ; (2) Since the component C 0 is the limit of embedded pseudoholomorphic spheres, it can be shown to be a (possibly trivial) branched cover of an embedded punctured pseudoholomorphic sphere. Given that the underlying simply covered sphere is a cylinder, Wendl's automatic transversality theorem in [24] shows that it is transversely cut out.
4.2.
A further analysis of the obtained pseudoholomorphic building. Using the assumption that D ∞ is J ∞ -holomorphic (see Section 4.1.2), there is a unique punctured J ∞ -holomorphic sphere A ∞ in the top level of the above building which intersects the line D ∞ at infinity transversely in precisely one point. Here we rely on positivity of intersection [15] together with [
We proceed to establish certain properties of the punctured sphere A ∞ passing through the line at infinity that will be needed for the proof.
Proposition 4.4. The punctured J ∞ -holomorphic sphere A ∞ intersecting the line at infinity is a simply covered plane (i.e. a one-punctured sphere) of symplectic area 0 < A∞ ω FS,1+δ ≤ πδ.
Proof. The area estimate follows from Proposition 4.3, since A i ω FS,1+δ ≥ π/2, i = 1, 2, by assumption, and since the total symplectic area of the components in the top level is equal to π(1 + δ) by topological reasons. To that end, we must use the fact that every punctured sphere in the top level has positive symplectic area. We continue by arguing that A ∞ has a single puncture. Otherwise, using Lemma 4.2, in addition to the two planes
By the assumption that L is extremal, the symplectic area of this plane satisfies A ω FS,1+δ ≥ π/2. Using an area argument as above, the existence of these three planes in CP 2 \ L disjoint from D ∞ now leads to a contradiction.
Similarly, we also obtain Proposition 4.5. The connected component M containing A ∞ of the moduli space of pseudoholomorphic planes cannot bubble given that πδ < π/2. It thus follows by [3] that this component is compact.
Proof. By Lemma 4.2, a hypothetical limit pseudoholomorphic building of a sequence of planes in the moduli space must consist of at least two J ∞ -holomorphic components in the top level CP 2 \ L. Positivity of intersection moreover implies that exactly one of these components intersects the line at infinity D ∞ .
Assuming that the broken pseudoholomorphic building exists, we pick one such component A ⊂ CP 2 \ L which is disjoint from D ∞ . Since every component in CP 2 \ L has positive symplectic area, with total sum equal to at most πδ by Proposition 4.4, it follows that 0 < A ω FS,1+δ < πδ. This however contradicts the assumption that L is extremal. Namely, the compactification of A produces a class in H 2 (D 4 , L) of the same symplectic area. Observe that even in the case when A itself is not a plane, since D 4 is simply connected, this class can be represented by a disc.
For the embeddedness properties shown in the following proposition, we need to make heavy use of positivity of intersection. The proof does hence not generalise to higher dimensions. Proof. Positivity of intersection [15] together with the nature of convergence [7] implies that every component in the limit building is a (possibly trivial) branched cover of an embedded punctured pseudoholomorphic sphere. Here we have used the fact that the spheres in the sequence constructed by Gromov's Theorem 4.1 all are embedded (this again follows from positivity of intersection), together with the fact that a discrete intersection point of a singularity would contribute positively to the local self-intersection index defined by D. McDuff in [15] .
Since A ∞ is intersects D ∞ with intersection number one, it is simply covered and hence embedded. The properties of the local self-intersection index in [15] moreover implies that all planes in the component M must be embedded. To that end, observe that these planes necessarily are embedded outside of a fixed compact subset by [21, Corollary 2.6] together with Proposition 4.5. Proof. Let Γ be the one-dimensional family of periodic Reeb orbits containing the asymptotic of A ∞ , and let γ be the oriented geodesic on L corresponding to this asymptotic orbit. (The orientation of γ is induced by the flow of the Reeb vector field.) Note that the oriented boundary of the compactification of A ∞ to a disc in X is equal to the geodesic −γ on L, i.e. the geodesic endowed with the opposite orientation.
Using [6, Formula (3)] we can express the sought Fredholm index as
where RS(Γ) denotes the Robbin-Salamon index defined in [20, Remark 5.4] . Using an appropriate trivialisation of the complex determinant bundle of T CP 2 in order to compute the above relative first Chern class and RobbinSalamon index, we obtain the identity
by [6, Lemma 2.1] (this was originally proven in [23] ). Here µ L (γ) denotes the Maslov index of the closed geodesic γ on L ⊂ (C 2 , ω 0 ) computed using the canonical trivialisation of T C 2 . In particular, since µ L (γ) is even by the orientability of L, we conclude that index(A ∞ ) must be odd.
Since A ∞ is simply covered by Proposition 4.4, a standard transversality argument implies the following (see [17, Section 3.4] ). After a perturbation of J ∞ supported in U \ D ∞ , where U ⊂ CP 2 is an arbitrarily small neighbourhood of D ∞ , the solution A ∞ may be assumed to be transversely cut out. Its index can thus be assumed to be non-negative, since it is equal to the dimension of the moduli space containing it. Remark 4.2. Utilising the formula for how the Fredholm indices of the components of a building compare to the Chern number of the building, one can even show that the Fredholm index of A ∞ is equal to one; see [9] . This fact will however not be needed. 
is a submersion. Since M is compact by Proposition 4.5, we have shown that this moduli space is the total space of a smooth locally trivial fibre bundle over S 1 with compact fibre diffeomorphic to ev −1 ∞ (γ) = M γ . Let ϕ ∈ Diff(M γ ) be the clutching function for this fibre bundle. Consider the pull-back bundle M → S 1 induced by the n-fold covering S 1 → S 1 , which thus can be constructed using the clutching function ϕ n . Since |π 0 (M γ )| < ∞ holds by compactness, taking k := |π 0 (M γ )| ≥ 1 it follows that M admits a section σ n : S 1 → M whenever k!|n.
For any contractible open subset U ⊂ M, one can define evaluation maps ev : U × C → CP 2 \ L for the planes in U . These evaluation maps obviously depend on the choice of a holomorphic parametrisation of the domain, i.e. the plane C. Recall that any two such parametrisations of C are related by a biholomorphism z → az + b for some a ∈ C * and b ∈ C. The constant b ∈ C together with the modulus |a| > 0 of a both constitute contractible choices when fixing a parametrisation. We are left with the choice of arg a ∈ S 1 ⊂ C * . Let m ≥ 1 denote the multiplicity of the Reeb orbits in Γ, and fix a smoothly depending choice of starting point for each Reeb orbit in Γ. We can make arg a uniquely determined up to multiplication by a power of e i2π/m ∈ C * by requiring the parametrisation to be asymptotic to the chosen starting point of its asymptotic Reeb orbit as R(z) = x → +∞ along the positive real line. (This uses the asymptotic convergence to a Reeb orbit satisfied by a finite energy plane; see e.g. [3] .)
By the above we can fix smoothly depending choices of parametrisations of the S 1 -family of planes σ k!m! . Namely, the (homotopy classes of) parametrisations of these planes form a bundle over S 1 with fibre Z/Zm and clutching functionφ m! = Id Z/Zm .
In conclusion, it is possible to construct a globally defined evaluation map for the S 1 -family of planes σ k!m! : S 1 → M. Using the property of asymptotic convergence to Reeb orbits satisfied by finite energy planes (again see e.g. [3] ), the latter evaluation map can be compactified to produce a continuous map (
whose restriction to the boundary is a map S 1 × S 1 → L of degree kml > 0 for some l > 0. For the latter property we use the fact established above that the asymptotic evaluation map is a submersion, together with the fact that each plane is asymptotic to a closed geodesic on L for the flat metric.
Note that the image of each {θ} × D 2 under the above map is J ∞ -holomorphic away from the boundary. Let us choose δ > 0 sufficiently small in order for > πδ > 0 to be satisfied, where is the constant given by (M). Since the linking number of L and the fibre S 0 ⊂ D 4 \ L constructed in Section 4 is non-zero inside CP 2 , namely there is a disc with boundary equal to S 0 which intersects L in a single transverse point p ∈ L, the above chain must intersect S 0 . However, the monotonicity property (M) holds (recall that J ∞ = J U 0 in the neighbourhood U 0 ⊃ S 0 ; see Section 4.1.2), thus leading to the sought contradiction with Proposition 4.4. See Figure 3 for an illustration. Figure 3 . The disc D with boundary equal to S 0 intersects L transversely in a single point. A null-homology of L must thus intersect S 0 ⊂ CP 2 \ L. In particular, one of the planes P ∈ M must intersect S 0 .
